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1 Motivations and example 



Finding a general non-perturbative definition of string theory remains one of the 
most challenging problem in theoretical physics. One may hope that such a definition 
will automatically follow from an understanding of the basic principles of the theory 
and/or of quantum gravity, but for the moment we must rely on the 'universal' or 
'unique' nature of the theory in order to gain an insight PJ. Historically, the first 
serious attempt at a non-perturbative approach was through the study of matrix 
models @ and the double scaling limits || . The idea [f§] was that near critical points, 
very large Feynman diagrams dominate, and thus in the 't Hooft representation || 
the matrix theory reduces to a sum over continuous world-sheets. Comprehensive 
discussions of these subjects can be found in H 0, §, and short introductions are in 
recent papers by the author || [10|| . Unfortunately, the detailed investigations of the 



matrix integrals revealed that a non-perturbative definition of the most interesting 
theories, the unitary models which have non-Borel summable partition functions, 
could not be achieved. This point is discussed in details for example in Section 7 of 
0. Typically, the matrix model approach yields a differential equation, called the 
string equation, that determines unambiguously the perturbative, asymptotic series 
expansion, but that has several solutions differing by exponentially suppressed terms. 
For example, the string equation for the simplest critical point, that corresponds to 
pure two-dimensional gravity, is the Painleve I differential equation 

z = u\z) + l -u"{z) , (1) 

where the closed string coupling constant is k = z -5 / 4 , and the connected partition 
function 

H 

W = W h K 2h ~ 2 + 0{k 2H ) (2) 

/i=0 

is such that W"(z) = u(z). Equation ([!]) implies a recursion relation that determines 
all the coefficients Wh once the sphere contribution Wq is known. However, at large h, 
the coefficient Wh goes like (2/i)!, and thus the expansion (0) is not Borel summable 
and does not define a unique function. It turns out that solutions to ([!]) with the 
asymptotic expansion (|2]) are parametrized by an arbitrary real number, and differ at 
small k by terms of order exp (-4^6/(5/0) |, |, |. Those crucial non-perturbative 
contributions remain unknown. It is actually possible to understand in an elementary 
way why the matrix model fails to provide a non-perturbative definition. The model 
is defined by the integral over hermitian N x N matrices M, 

J d N2 M exp (- X - tr M 2 - -| tr M 4 ) , (3) 
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and it turns out that the critical point lies at a negative value of g, for which the 
integral (|3|) is divergent. The same critical point could be obtained by starting from 
more general matrix integrals 

J d N2 M exp (-— tr C/(M)) , (4) 

with an arbitrary potential U(M), but the fact is that the pure gravity, or any other 
unitary critical point, is always unstable. Shortly after the discoveries of ||, it was 
realized JTTJ that the same procedure could be applied to theories of polymers, by 
replacing matrix integrals like (|4]) by O(N) symmetric vector integrals like 

d N V exp(-—U(V 2 )) . (5) 



9 

In addition to their intrinsic interest, the polymer integrals are useful toy models for 
the more complicated string theories. An interesting aspect is that higher dimensional 
vector path integrals can be easily studied [ 12] , in contrast to the matrix case. Works 
on the vector models are reviewed in [13|. However, the basic problem stressed 
above, that non-perturbative results cannot be obtained in the most interesting non- 
Borel summable cases, plagues the vector integrals in the same way as it plagues 
the matrix integrals, and for the same reasons. In spite of several attempts over the 
years (see in particular Jl4|| and references therein), this fundamental drawback of the 
matrix (or vector) models approach could never be satisfactorily solved. However, 
very recenty, the author made a simple proposal that automatically overcome the 
difficulty [|1|, [16], || [Kj. The purpose of the present note is to show explicitly how 
this proposal works in the simplest possible examples. 

The idea is to replace the simple matrix (|j) or vector (|5|) (path) integrals by some 
gauge theory or non-linear a models (path) integrals respectively. The non-trivial 
result is that analogues of the Kazakov critical points [|| exist in those cases as well. 
For two dimensional non-linear a models, it was shown in []15 that mass terms for 
the would-be Goldstone bosons could be adjusted to critical values, and double scal- 
ing limits defined. It was also argued at length in |~5| that mass (or more generally 
potential) terms in non-linear a models are very similar to Higgs vevs in gauge the- 
ories. And indeed in [|l^, || is was shown that in four dimensional supersymmetric 
gauge theories, the adjoint Higgs vevs moduli can also be adjusted to critical values 
and double scaling limits defined, with the Argyres-Douglas singularities |l7j playing 
the role of the Kazakov critical points. This yields four dimensional non-critical (or 
five dimensional critical) string theories [[J. In all those examples, the double scaling 
limits are always non-perturbative, because the original integrals are convergent for 
all values of the parameters. 
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To illustrate this point, we will focus in the following on D = 0, 1 or 2 dimensional 



non- linear a model examples, akin to the model studied in fL5|| . In those cases, the 
large N expansion is a loop expansion in the dual representation of Feynman diagrams 
and, as reviewed in |1(J, this implies that the double scaled theories are field theories 



themselves (in contrast with the gauge theory case which yields string theories). In 
spite of this considerable simplification, the basic difficulty remains the same. For 
example, the simplest non-Borel summable double scaled field theoretic partition 
function we will encounter is 

e w & = Z(k) = f^L e- 2 / 2 +- 4 /4. (6) 
J V2tt 



Obviously, this integral diverges, but admits a well-defined perturbative expansion 

The integral representation (|6]) makes 'unitarity' obvious: each diagram will have a 
positive weight. This has the usual consequence that all the coefficients in the series 
expansion for W = \nZ are positive, and the series is not Borel summable. The 
'string equation,' analogue to (P, is the Schwinger-Dyson equation for (|6]). It takes 
a simple form when written in terms of Z, 

16k 2 Z" + 4(8/c-l)Z' + 3Z = 0. (8) 

With the condition Z = l + 0(n), this equation implies the asymptotic expansion (|7]), 
in the same way as ([1]) implies a unique expansion (|2|). And also in strict parallel with 
(0), there is a one parameter family of solution to (|8]) with the correct asymptotic 
behaviour. It can be written in terms of modified Bessel functions, 



Ze(K) = 4^ 



(9) 



The combination J1/4 — I_i/4 is a purely non-perturbative contribution to Z. In 
agreement with the high order behaviour of (|?|), it yields terms proportional to 
exp(— 1/(4k)) that remain unknown. 

In the standard matrix case 0, equations ([!]) and (0), we have no hint to the value 
of the 9 parameter. It is actually far from being obvious that there exists a 'correct' 
solution to ([I]), in the sense that it corresponds to a well-defined non-perturbative 
string theory. It is not even known how to make this statement precise. On the 
other hand, in the case of equations (|8|) and (0), the problem can be formulated 



4 



easily, because a non-perturbatively denned zero-dimensional field theory is simply 
characterized by a potential which is bounded from below. This means that 'correct' 
values of 9 should be such that there exists V Ki q for which 

dx 



e - x -/2-V K , e {x). (10) 



'In 



We have not tried to solve directly ( fL0|) for 9 and V K> e, but we will see that the 
non-linear a model approach yields unambiguously the potential 

V K (x) = ln2 + ^/^/8x 3 + kx 4 /16 (11) 

which corresponds to 9 = 0. The In 2 term takes care of the two equivalent minima 
of V K that occur at x = and x = —2^2/k. The fact that (|TTD is a solution relies 
on the nice identity 

(e-v 7 ^' 3 — 4 /i6 )pert = ( e - 4 /4 )pert ; (12) 

where (• • is the perturbative expansion in k with (x 2 ) pert = 1. Remarkably, we 
will see in Section 3 that flT2|) can be generalized to the case of path integrals. 

We have not proven that 9 = with the potential (|TT|) is the only solution to 
(11711), but we believe that this is likely to be the case, because identities like ( |l"2"D 
are very peculiar. This illustrates the point [§, [K]] that the gauge theory or non- 
linear a model integrals we start from yield the correct and probably unique non- 
perturbative definitions of the double scaled theories. This is an important point of 
principle, because even though the general arguments [§, |J show that double scaled 
matrix integrals reproduce the perturbative expansion of string theories, there might 
be a priori a distinction between non-perturbative string theory and non-perturbative 
matrix integral. 



2 Simple integrals 

We will consider the most general O(N) symmetric non-linear a model with a com- 
pact target space Ai of dimension N and quadratic mass terms. By using cartesian 
coordinates (xx, . . . ,xn,%n+i = z), the equation for the target space can be written 
in terms of a single function f(z) as 

N 

M: = x 2 = /(z) . (13) 

i=l 

We will limit our investigations to the cases where f(z) is a polynomial. At the 
North pole z = > we have /(zn) = and /'(-zjv) < 0. We will see below that 
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for theories with critical points, there exists a z < zn for which /' vanishes. We will 
choose the coordinates x and z such that 



/(0) = 1, f(0) = 0, f(z)<0ioize]0,z N }. (14) 
The metric can be written in terms of the local inverse F = / _1 of / as 

g = (5ij + AF'(x 2 ) 2 XiXj) dxi ® dxj , (15) 
and the partition function is 

f d N x y^etj NrS 2 /2 

Z ~ J M Vol{M) ' (16) 

where r is the mass parameter and Vol(A^) the volume of A4. The large N limit will 
be taken at fixed r. By rescaling the coordinates, we see that taking the large r limit 
is equivalent to taking the large target space, or weak coupling, limit. The coupling 
constant for the theory is thus 1/r. Equivalently, we can say that our models are 
asymptotically free, and the large mass limit corresponds to a weak coupling limit. 



2.1 Sphere 

Let us start with the simplest case corresponding to M. = S N and 

f(z) = l-z 2 . (17) 

The first question one may ask is whether a proper 'polymer' interpretation of the 
theory can be given. This is not obvious, because the contribution of the metric in 
(PS|) , which in the case of the sphere is ^/detg = 1 / yl — x 2 , does not scale properly. 
However, this is due to a bad choice of coordinates, and it is possible to cast (|i~6|) in 
the form @. To do that, we first introduce the spherical angle 9, in terms of which 



7rr(JV/2) J 

We then interpret 9 as a radial coordinate emanating from the North (or South) 
pole for an iV-dimensional plane (Vi, . . . , Vjv), 9 = \V\/y/r = p/y/r. Physically, this 
plane approximate the sphere for large r, and we can expect that the effects of the 
deviation from the sphere can be taken into account in an effective potential. Indeed, 
the partition function (TOp can be rewritten as 



27T (N+l)/2 r N/2 1 



(19) 

\V\<TTy/¥ 
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with 

^(p 2 ) = - sin 2 (p/v^) - In ^ . (20) 

One can then show straightforwardly that for the purposes of the double scaling 
limits, which involve the N — > oo limit, we can use the iV-independent potential 

TTt 2^ r ■ 2, i r\ i v / ^sin(p/ v /f) 

C/(p ) = -sm {p/y/r) -In (21) 

z p 



and the integral 

/ d N Ve- NU ^ 2 ). (22) 

J|y|<7rv^ 

We thus get a standard Feynman diagram interpretation, because the constraint 
\V\ < T\\pr cannot be seen in perturbation theory. We could then keep using ( p2"D 
and study the critical point and double scaling limit. However, we prefer to present 
alternative derivations using fll6|) or (|l~8|) . 

The integral flTBp can be explicitly calculated, by expanding exp(— (iVr/2) sin 2 ^) 
in power series and performing the integrals using Euler B function. This yields a 
series for a confluent hypergeometric function, and we get 

Z = iFx(iV/2, (N + l)/2; -iVr/2) = e^/ 2 1^(1/2, (TV + l)/2; iVr/2) . (23) 

The first expression is useful to obtain the asymptotic expansion at large r, 



z _T((N +l)/2) 



A r(7V/2 + k)T(k + 1/2) / 2 x» 

^ v ^Fr(/v/2)fc! Vr/vy J 



^(/Vr)^/ 2 

while the second expression yields a convergent strong coupling expansion 



(24) 



r((7V + l)/2) ^ r(fc + l/2) /rjV\* 

^^T(A; + (iV + l)/2)V 2 J ' 1 J 

The large N expansion can be obtained as usual from the perturbative expansion (E3|) 
by resumming the contributions at each order in 1/N. It is convenient to introduce 
a rescaled partition function 

^{Nr/2) N ' 2 



^^fwrm 2 ' (26) 



for which we have when r > 1 



We see that the 1/N expansion breaks down when r — > 1 + . At r = 1 we have a 
Kazakov critical point, and (P^) suggests to consider the double scaling limit 

N^oo, r^l + , N(r - l) 2 = 1/k = constant. (28) 

In such a limit, only the most singular, universal, terms in (E7I) survive, and we get 

Z^Z = 1 + ^ K +^ K 2 + 0( K Z). (29) 



To show that the scaling ( P8|) is consistent to all orders, one can use directly ( P3|) 
and check that the corresponding hypergeometric differential equation reduces to the 
'string equation' (H). However, this method does not yield the value of 9 in (H). The 
most fruitful approach, that can be generalized to the case of path integrals (see for 
example [15|, |16|), is to implement the constraint flT3|) with a Lagrange multiplier a 
and then perform explicitly the integral over x. We obtain 

/+oo 
dzdae- Nv ^ (z ' a) , (30) 
-oo 

with the effective potential 

v eS (z, a) = ]-{r - a)f(z) + ^lna. (31) 

We are not keeping track of the trivial prefactors, because they can be restored 
easily on the double scaled partition functions by using the normalization condition 
Z = 1 + 0(k). At large N, Z is dominated by the minima of v e fj. It is straightforward 
to check that for r > 1 (weak coupling) the stable saddle points are 



z* = ±vl — 1/r, a* = r, (32) 

while for r < 1 (strong coupling) we have 

= , a* = 1 . (33) 

We recover the critical point at r = 1, where a transition corresponding to the merging 
of the two weakly coupled saddle points occurs.^] Since we are interested in the vicinity 
of the critical point only, and the critical variable is z, we can integrate over a by 

^^Note that the Z2 symmetry z 1— » — z is never broken, because in zero (or one) dimension we 
have to sum over all the saddle points. Symmetry breaking does occur at weak coupling for the 
two-dimensional version of the model, see Section 3 and 15, and the Kazakov critical point 
corresponds to a genuine phase transition in that case. 
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using the equation dv e a/da = which yields a = l/f(z). By rescaling z — > z/N 1 / 4 
and expanding the potential fl3~I|) around z = 0, we get 



Zoc / ^ e ^v(-i>72- 4 /4+o(i/^v). (34) 



We then immediately see that the scaling ( p8|) yields 



1/(4k) /•+oo 

Z(«) = / C/X e -V2-^/4 ) (35) 



47T 

where we have used the variable x = k 1 I 4 z and we have restored the prefactors. The 
formula (|10|) with the potential ([TT| ) is obtained by substituting x — > l/y/n + y2x. 

As opposed to the case of ordinary vector or matrix models, our partition function 
is perfectly well-defined at strong coupling and we can go through the critical point 
at r = 1. Equation (|34D is actually valid both for r > 1 and for r < 1, and it shows 
that we can consider a double scaling limit from strong coupling, 

iV^oo, r-»l~, iV(r - l) 2 = l/« = constant, (36) 

yielding a "dual" double scaled partition function 

/ + °° Ann 
_^L e - 2 /2— */4. (37) 
-oo V 27T 



Of course, ^ does not have a Feynman diagram expansion for r < 1 and thus does 
not have an interpretation in terms of 'polymers.' However, the very existence of Z-&, 
which relies on the fact that our non-linear a model is non-perturbatively defined, has 
some interesting consequences. The common origin fl3~4|) of the weak-coupling ([35]) 
and strong coupling (|37| ) partition functions implies that J exp(x 2 /2 — Kx 4 /4)dx and 
J exp(—x 2 /2 — K,x 4 /4)dx satisfy the same 'string' equation 

16K 2 y" + A(8K + l)y' + 3y = 0. (38) 

The Borel summable, alternate series solution of (|38| ) yields Zn while the non-Borel 
summable solution yields exp(l/(4/t)) Z. Z itself actually satisfies (^) with k — > — /c, 
see (|), and thus the equation (P7|) immediately implies the identity (O). 
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2.2 Multicritical metrics 



Let us now study the case of a general metric flTol). Equation ( P0"D is replaced by 



+00 



with the potential (pi]). The saddle point equations read 

a = l/f(z), (r -«)/'(«) =0. (40) 

The analysis is then very similar to the case of the sphere, equations (|32|) and (|33|). 
At weak coupling, the stable saddle point isf] 

z* = f-\l/r) = F{l/r) , a*=r. (41) 

This is valid as long as r > 1. Because on the conditions on / listed in flT4|), a critical 
point occurs at r = 1 and the stable saddle point for r < 1 is given by (^). The 
critical variable being z, we can integrate out a for the purposes of the double scaling 
limits. The term ln(4/ + f' 2 ) is also irrelevant in these limits. We can thus work with 

+00 

dze' Nv{z ' r \ (42) 

J —00 

where the potential is 

v { Z]r ) = r -f( z )- l -^f{ z ). (43) 

We have v(z;r = 1) = v(0, r = 1) + 0(z p ). It turns out that only even values of 
p > 4 can be obtained. The m th -critical point, m > 2, is defined by the condition 
v(z; r = 1) = v (0; r = 1) + 0(z 2m ). It corresponds to the choice 

f m (z) = l-a m z m , (44) 

where a m is an arbitrary positive real number. Relevant deformations are defined to 
be the perturbations of f m that generate terms of order z k for k < 2m — 1 in the 
potential v. A priori one may want to consider 

2m-3 

f(z) = f m (z) - z 2 (45) 

k=0 

2 There can be several saddle points, given by the different branches of as in (|3^), but this 
is irrelevant for our purposes. 
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but it is easily checked that only the e& for < k < m — 3 can survive in a consistent 
double scaling limit. Together with 5 = r — 1, we thus have m—1 relevant operators 
at the m th order critical point. The correct scaling is 

iV^oo, N5 2 = est = 1/k, N m ^ 1 e k = est oc t k . (46) 

With a suitable normalization for the t k s, and by defining t m ~2 = 1, the m th order 
double scaled partition function can then be written as 

/^oo m— 2 2m— 4 

dx exp (J2 tk x k+2 - « ]T tk ^ xk+A ) ■ ( 4? ) 

'°° k=0 k=0 k!+k 2 =k 

0<fci,fe 2 <m-2 

The 'coupling constant' k could of course be absorbed in the definition of the t^s. It 
is singled out by the fact that it is the most relevant deformation, as the scaling ( f46|) 
shows. For m = 2, we recover (|35D, while for higher criticality we obtain, for example, 

r+oo 

Z 3 OC / dxe toM- K (t^+2t 0X ^) ? ( 4g ) 



— oo 



/+oo 
J xe t x 2 +tix 3 +x 4 -K(4x 4 +2t t 1 x 5 + (t 2 1 +2ta)x a +2t 1 x 7 +x 8 ) ^ 
■oo 



From fl47D , all correlators can of course be calculated, by taking derivatives with 
respect to the parameters. One can also study positivity by looking at the partition 
functions when only k is turned on. The formula generalizing (EE) is 



( K ) = / dxe (50) 

K ' 2( 1 +(- 1 ) m )/ 2 v / 2^(2K) 1 /2-iA~ ' 



where the normalization is chosen such that Z m = 1 + O(k). The 'string equation' is 

9 h / / \ \ i (2m— l)(m — 1) , , 

AmK 2 Z" + 2 5m - 2)k - m) Z'+ Z m = , 51 

from which one can deduce the perturbative expansion of Z m , for which all the coef- 
ficients are positive. The same is true for lnZ m , as required by a correct statistical 
polymer interpretation. This is manifest from equation ( |T2"D in the case m — 2, and 
can be proven for general m from the differential equation. Finally, let us note that 
it is possible to evaluate explicitly the integrals (|50|) . The idea is to perform a strong 
coupling expansion at large k. From experience, we know that such expansions are 
often convergent. The expansion is obtained by rescaling x 2m — > x 2m / 'k in (pO) and 
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expanding the exponential in powers of 1/ \/k. The resulting integrals are elementary, 
and the final result is a hypergeometric series. We end up with 

Z m (n) = 1/1 1 F 1 (l/(2m), 1/2; 1/Uk)) (52) 

for m odd and 

^ = 2l - 1/m+( -^/2 v ^ /tl /2-i/(2 m) ( r (V(2-)) 1 F 1 (l/(2m), 1/2; 1/(4.)) 

r(l/2 + l/(2m)) , , ,, , . . . , , \ . . 
I iFi(l/2 + l/(2m), 3/2; 1/(4«))J (53) 



for m even. In the special case m = 2, there is a relation between the confluent 
hypergeometric functions appearing in ( |53"D and the Bessel functions, and we recover 
(|) with 9 = 0. 



3 Path integrals 

The results of the previous Section can be generalized to the case of path integrals. 
For the sake of brevity, we will consider only the lower critical point corresponding to 
a sphere target space. In one dimension, the resulting model is the quantum version of 
a famous integrable mechanical problem first studied by C. Neumann ||18||: the motion 



of a particle of mass m on the N dimensional sphere of radius a, with a quadratic 
potential characterized by the pulsation u. Quantum mechanically, there are two 
regimes. When the sphere is very large, the effects of the curvature are negligible, 
and the problem is well approximated by the N dimensional harmonic oscillator. 
This weakly coupled regime is valid as long as the harmonic oscillator wave functions 
extend on a distance much smaller that a, that is 



muoa 
Nh 



> 1. 



(54) 



On the other hand, when r < 1, the hamiltonian reduces to the exactly solvable 
rigid rotator, around which a strong coupling expansion can be performed. At the 
transition between these two qualitatively different regimes lies the critical point we 
will use to define the double scaling limit. In suitable units, the euclidean partition 
function that generalizes flT5| ) is 



Zn 



d N x(t) y/det g(x(t)) 



cxp 



Nr 

IT 



T/2 



T/2 



dtlgij 



dt dt 



+ x' 



(55) 
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where the path integral measure is normalized such that the ground state energy E 
for the hamiltonian 

L 2 r 2 

H= 2fP + 2*' (56) 
where — L 2 is the Laplacian on the iV-sphere, is given by 

r , In Zr , s 

E = — — lim — -• 57 

Nt-*oo T v ; 

It is interesting to note that, as in the case of the zero-dimensional integrals (equations 
(|19|) and (pOD), the perturbation theory in 1/r for the quantum mechanical non- linear 



a model fl5"5|) is reproduced by a linear a model with a suitable potential that encodes 
the effects of the curvature of the sphere. By using the coordinates V defined at the 
beginning of Section 2.1, and by rescaling the wave functions ip — > ^/(sinfl)^ -1 )' 2 , 
the Schrodinger equation for the ground state of (ISBT) can indeed be cast in the form 



Aip + U N {\V\)ijj — —ip, (51 



2N 2 JVVI UT r 

where now A is the flat iV-dimensional Laplacian and 

N-l (N-3)(N-1)/ 1 1\ r 9 , , „ 



As a side remark, let us note that the formulation given by the equations flog ) and 
(|59|), in addition to providing a consistent polymer interpretation in the double scaling 
limit, allows one to evaluate, using standard linear a model techniques, the large order 
behaviour of perturbation theory for a non-linear o model. As we will see later, the 
perturbation series is not Borel summable. From the linear a model point of view, the 
non-perturbative contributions depend on the boundary conditions at p = Ky/r that 
must be imposed to recover the full non-linear model. This is particularly obvious in 
the case N = 1, which can be solved exactly in terms of Mathieu functions. In gen- 
eral, by taking into account the exponential decrease of the harmonic oscillator wave 
functions, we see that the non-perturbative contributions are of order exp(— N7r 2 r/2), 
which is an instanton effect from the non-linear a model point of view. 

Equation (|58|) shows that the large N limit is a semi-classical limit, since iV 2 



plays the role of h. We could use this idea to study the 1/N expansion. However, it 
is more convenient to use the Lagrange multiplier method, as in the case of the zero 
dimensional integrals (|30|). We obtain 

Z oc / \dz{t)da{t)} e - Ns ^ [z ' a] , (60) 
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with the effective action 



s eS [z,a\ 



dt 



dz\ 2 
dt) 



(a — l)z — a 



1 , ( d 2 
+ 2 trln (-^ + a 



(61) 



The saddle points can be deduced from the effective potential which is derived from 
(pl|) by taking a constant, 



(a — l)z 2 — a 



For r > 1/2 (weak coupling) we get 



+ 



z* = ±y/l - l/(2r) , a, = 1 
while for r < 1/2 (strong coupling) we have 

z* = 0, a* = l/(4r 2 ). 



(62) 



(63) 



(64) 



The critical point occurs at r = 1/2. To perform explicitly the double scaling limit, 
we introduce the rescaled variables 

T = N -VH, x = N 1/3 z, (3 = N 2/3 (a-l), /sT 1 = N(r - l/2) 3/2 , (65) 

in terms of which 



Ns 



cff 



dr 



/dx\ 2 
\dr) 



+ (3{x 2 - 2k- 2 ' 3 ) - 



21 



+ 0(1/N 2 / 3 ). 



(66) 



Rescaline; r -> K l / 3 r/y/2 and x -> 2 1 / 4 k 1 / 6 x, we see that the double scaling limit 

N -> oo , r -> 1/2+ , iV(r - 1 /2) 3/2 = 1/k = constant (67) 
yields the double scaled partition function 



= / [c/x(t)] exp 



-'*'5(!) 2 -* 2+ 



+ 



2y/2 y/2. 



K 



(68) 



where we have integrated out the auxiliary field j3 and the ^-independent measure [dx] 
is normalized such that Z = 1 + O(k) as usual. Equation ( |68D is the one- dimensional 
version of equation (|35|). 

There remains to check our main point, that the perturbative expansion of (|68|) , or 
more precisely of W = In Z, has only positive coefficients and is not Borel summable. 
The perturbative series is obtained by expanding around the two equivalent minima 
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of the potential V(x) 



-x 



KX 



'/ (2-^/2). After a shift of the variable x, we obtain 



the one-dimensional version of ([H]) and (|TT|) 



Z(k) = / [cfe(t)] exp 



-'-'i(§) 2 + - 2 



2 5/4 



X 



(69) 



In zero dimensions, positivity was obvious thank's to the identity (O). Remarkably, 
a similar and highly non-trivial identity exists in one dimension as well |T?J. It reads 



Z(k) 



pert 



exp 



K 

2^/2 



dr \z\ 



pert 



(70) 



where z = z\ +iz2 is a complex coordinate, and the average (• • ^pert is defined by the 
canonically normalized propagator (zi(r)zj (0)} peT t = e~' T ' 5y/2. The equality is valid 
to all orders of perturbation theory. The left hand side can be viewed as giving the 
probably unique field theoretic non-perturbative definition of the manifestly positive 
and non Borel summable partition function on the right hand side. 

One could go further and study multicritical metrics as in Section 2. We will 
let this exercise to the reader, and rather close this paper with a two dimensional 



example. The partition function we start from, that replaces ([IB] ) and (55), is 
d N x(a) ■>/ det g(x (ex)) 



Z 





N f 


exp 


2g 2 J 



d z cr ( Qij d a x l d a x J + m 2 x 2 



(71) 



The theory needs to be renormalized, and quantum mechanically the dimensionless 
coupling g is replaced by a mass scale A. The only dimensionless parameter is then 
r = m 2 /A 2 . One can give straightforwardly a 'polymer' interpretation to (|7lD , by 
using dimensional regularization, because in that case the non-trivial factor in the 
path integral measure drops out, and the other terms have automatically the correct 
't Hooft scaling. This is unlike the D = or D = 1 cases discussed previously, for 
which a reformulation in terms of a linear a model was needed. One can then show 
that there is a critical point at r = 1, and that in the double scaling limit 

N -f oo, 5 = r-1 -> + , N5-3\nN = constant = — +3hiK, a a = ' x a , (72) 

2 



the partition function reduces to 
Z(k) = I \d(j)(x)\ exp 



- I d x[- d a cj)d a ^ 



A 2 
4k 



: :+ttA 2 



(73) 



The proof can be found in fll5 |. The lnA^ correction to the naive scaling in ([72]) is 
reminiscent of the c = 1 matrix model [2D]. The normal ordering is defined at the 
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w 




+ K 




+ 0(k 2 



Figure 1: Feynman diagrams contributing to the double scaled partition function 
liniy^oo(ln2')/(KA 2 ) up to terms of order k. 



scale \i = A/y/n so that there is no tadpole in perturbation theory. The perturbative 
expansion is indeed obtained after shifting the field 
(fTS]) in the form 



I/vottk + and writing 



Z(k) 



[dcj)(x)] exp 



- d 2 x(-d t 



A 2 2 a2 [2^ 
Ik V K 



-irA' 



(74) 

We have not been able to prove that the coefficients of the expansion of In Z in powers 
of k are positive, because we don't know a two dimensional analogue of the identities 
(O) and (|70D. We conjecture that this is the case, and that the series for InZ is not 
Borel summable. We have checked explicitly the positivity of the first two coefficients 
(see Figure 1), with the result 



lim 



\uZ(k) 
VA 2 



0.2798 + 0.2078 k + 0{k 2 



(75) 



where V is the volume of the two dimensional space-time. The coefficient of order k 
grows like k\ and probably becomes more and more positive for k > 2. The formula 
(f73p nevertheless yields a non-perturbative definition of the non-Borel summable sum, 
as in all the examples that we have studied in the present paper. 
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